Abstract We show that partial transposition for pure and mixed two-particle states in a discrete N -dimensional Hilbert space is equivalent to a change in sign of a "momentum-like" variable of one of the particles in the Wigner function for the state. This generalizes a result obtained for continuous-variable systems to the discrete-variable system case. We show that, in principle, quantum mechanics allows measuring the expectation value of an observable in a partially transposed state, in spite of the fact that the latter may not be a physical state. We illustrate this result with the example of an "isotropic state", which is dependent on a parameter r, and an operator whose variance becomes negative for the partially transposed state for certain values of r; for such r, the original states are entangled.
function but must be described using a density matrix, is not yet fully understood. For pure bipartite states, Schmidt coefficients relate the degree of entanglement to the von Neumann entropy of the reduced density matrix associated with either of the two subsystems; a pure state with a reduced density matrix possessing a vanishing von Neumann entropy corresponds to a separable state, whereas one with finite von Neumann entropy is entangled, and one with maximum von Neumann entropy is maximally entangled. But no general measure of entanglement of mixed states exists [3] . Even deciding whether a state is entangled or not is not always an easy task for mixed states. A large variety of measures have been studied in the literature to quantify entanglement for a given state, as discussed in Ref. [4] . Entanglement witnesses, i.e., functionals which can determine whether a specific state is separable or not, have been proposed [4] . A useful concept in this context is partial transposition (PT) with respect to one of the particles [5, 6, 7] : when the partially transposed state is not a legitimate quantum mechanical (QM) state, the original state is entangled.
It has been noted in Ref. [8] (see also Refs. [9, 10] ) that, for continuous variables, partial transposition of one particle of a bipartite state amounts to a change in sign of the momentum of that particle in the Wigner function (WF) of the state. For the case of discrete variables one can define a "coordinatelike" and a "momentum-like" variable [11, 12] . Here we prove that for the discrete variables case, PT can be interpreted in terms of a change in sign of a momentum-like variable of one of the particles in the Wigner function of the state. Just as for the continuous case, this statement is appealing, as it gives an intuitive interpretation of PT. For this purpose, the generalization of the concept of Wigner function to the discrete-variable case is needed. This generalization has been widely studied (see, e.g., Ref. [11] and references cited therein); here we use the formulation developed in Refs. [11, 12] .
A PT "state" may not be a physically realizable state. However, given an observableÂ and a stateρ, we show that there exists a Hermitian operator A T1 with the property that the expectation value ofÂ in the PT stateρ
T1
is the same as the expectation value ofÂ T1 in the original, bona-fide stateρ. Thus, in principle, the determination of Â ρ T 1 using the original stateρ is allowed by Quantum Mechanics.
We discuss positive-definite operators with respect to a bona-fide statê ρ, but having a negative expectation value in the PT stateρ T1 ; this signals entanglement in the original stateρ. According to the statement of the previous paragraph, the expectation value of the corresponding PT operators with respect toρ is negative. This is the meaning of expressions like "negative variance" that we shall use frequently in the paper.
We illustrate these results with the example of an "isotropic state", which is a mixed state constructed as a convex combination of a Bell state |Φ + and the completely incoherent state, i.e.,ρ r = r|Φ
where r is a real parameter. We find that for the PTρ T1 r , the variance of certain operators becomes negative for r 0 < r < 1, thus signaling entanglement of the original Partial Transposition, Measurement, and Entanglement 3 state; r 0 is obtained as a function of the dimensionality N . From the theorem mentioned in the above paragraph, this variance is in principle measurable, so that entanglement of the original state is detectable. This paper is organized as follows. In Sec. 2 we introduce the Schwinger operators, discuss partial transposition of a state of a bipartite system and show how momentum and position operators for a finite-dimensional system can be defined (subsections 2.1 and 2.2 specifically treat one-particle and bipartite systems). Section 3 shows how one can measure an observable in a partially transposed state (even when such a state is not a physically realizable state). In Sec. 4 we explore the consequences of the theorem for obtaining the expectation value of an observable in a partially transposed state introduced in the previous section, and in Sec. 5 we discuss the consequences of the theorem for a positive-definite operator expressed in terms of an arbitrary operator. Section 5.1 provides an example for a positive-definite operator of arbitrary dimension N using the isotropic state for arbitrary Hilbert space dimensionality, and finally, Sec. 6 provides a summary and conclusion. Appendices A, B, C and D provide some further information on Schwinger operators for one-particle states, and prove some results discussed in the main body of the paper.
Schwinger operators, partial transposition and change in sign of the momentum
By way of introduction, we first consider one-particle, whose description can be modelled in terms of a discrete N -dimensional Hilbert space. We then extend the analysis to two-particle systems, which is the main topic of this paper.
2.1 One-particle system Consider a one-particle system with a discrete, finite set of states. The eigenvalues of observable operators take on a discrete set of values and the quantum description is given in terms of a finite-dimensional Hilbert space. As an example, consider a system with angular momentum j, described in a Hilbert space of dimensionality 2j + 1. Another example is the position and momentum observables taken on a discrete lattice of finite dimensionality N (see, e.g., Ref. [13] ). The latter case is the one we shall explicitly work with in this paper.
The Hilbert space to be considered is thus spanned by N distinct states |q , with q = 0, 1, · · · , (N − 1). As discussed in Appendix A, the periodicity condition |q + N = |q is imposed. The Schwinger operators [14] X andẐ are also defined in Appendix A, as are the operatorsq andp. BecauseX performs translations in the variable q andẐ in the variable p, we regardq andp as "position-like" and "momentum-like" operators, respectively. Note, however, that their commutation relation for finite N is quite complicated [e.g., see Ref. [13] , Eq. (20)], and that in the continuous limit their commutator reduces to the standard form [13, 15] , [q,p] = i.
Appendix B shows that under transposition of the density matrix in the coordinate representation for N > 2 (for N = 2, |p = | − p ; this restriction does not arise if we do not discuss the transformation p → −p of the momentum-like variable), the probability distribution of momentum is affected as follows:
Thus, transposition in the coordinate representation has the intuitive physical meaning of changing the sign of momentum p in the momentum probability distribution, an effect which corresponds to time-reversal (if no spin is present). Moreover, the Wigner function defined in Refs. [11, 12] has the property,
as demonstrated in Appendix C, thus again exhibiting a change in sign of p. The definition of the Wigner function in Refs. [11, 12] requires N to be a prime number larger than 2. It turns out that this is the simplest extension of the continuous case to the discrete one that one can study, which can then be extended to the case where N is not prime (see, e.g., Ref. [16, 17] ). When N is a prime number, the integers 0, · · · , N − 1 form a mathematical field playing a role parallel to that of the field of real numbers in the continuous case. Also, in this case a set of N + 1 mutually unbiased basis states is known [18] . In what follows, when the Wigner function is not involved, the prime dimensionality requirement is not needed.
Two-particles
Let us now consider the two-particle case, which is the one of special interest here. Each particle is described in an N -dimensional Hilbert space. We shall use Schwinger unitary operators defined for each particle and relations similar to Eqs. (64) and (65) of Appendix A to introduce the operatorsp i andq i , which play the role of "momentum-like" and "position-like" operators for particle i. Appendix B shows that under partial transposition of particle 1, for N > 2 (we recall that for N = 2, |p = | − p ), the joint probability distribution of the two momenta is affected as follows:
Thus, P T 1 in the coordinate basis has the intuitive physical meaning of changing the sign of momentum p 1 for particle 1 in the joint probability distribution of the two momenta. The Wigner function, defined as in Refs. [11, 12] , has the property, shown in Appendix C,
thus exhibiting again a change in sign of p 1 . Recall that the definition of the Wigner function of Refs. [11, 12] requires N to be a prime number larger than 2 (see discussion in the previous subsection for one particle).
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It would appear that measuring the expectation value of an observable in a PT state is impossible when the latter is not a physical state. But, in fact, such a measurement is allowed by quantum mechanics, as we now show. Consider a Hilbert space of finite dimensionality N and a Hermitian operatorÂ defined in it. Its expectation value in the stateρ is
The expectation value in the PT "state"ρ T1 is
where
Thus
The operatorÂ T1 is Hermitian. Indeed
From Eq. (7) :
showing thatÂ
As a result, we have the following:
Theorem 1 Given an observableÂ and a stateρ, there exists a Hermitian operatorÂ T1 with the property that the expectation value ofÂ in the PT "state" ρ T1 has the same value as the expectation value ofÂ T1 in the original, bona fide stateρ (as opposed toρ T1 which may not be a physically realizable state), and is thus, in principle, amenable to measurement. 
On the other hand, A 2 may not be positive-definite with respect to ρ T1 which, in general, is not a bona fide state and may have negative eigenvalues, i.e., A
Now, Theorem 1 applied to Eq. (12) gives
How can the RHS of (13) not be ≥ 0, in spite ofρ being a bona fide QM state? The reason is that (A 2 ) T1 may not be a positive-definite operator, i.e.,
due to the fact that
I.e., although (A T1 ) 2 ≥ 0 with respect to a bona fide ρ,
T1 may not be ≥ 0 with respect to a bona fide ρ.
As a consequence, if we discover a (Hermitian) observableÂ such that the PT operator (Â 2 ) T1 (a Hermitian operator, and thus an observable) has a negative expectation value in the stateρ, i.e., (Â 2 ) T1 ρ < 0, thenρ is entangled.
Illustration for N = 2.
As an example for N = 2, consider the two-particle entangled pure state
and the observableÂ
which has the propertyÂ 2 = 3 − 2Â.
Here, σ 1α is the Pauli matrix σ α for particle 1 and similarly for particle 2, and |0 = | ↑ and |1 = | ↓ . We find the first moment, second moment and variance ofÂ to be given by
consistent with |Φ + being an eigenstate ofÂ with eigenvalue 1. Under partial transposition T 1 , the various operators transform as
Notice that (A 2 ) T1 = (A T1 ) 2 , which is a particular case of the statement in Eq. (15) . The expectation values under partial transposition are 
Consequences of Theorem 1 for a positive-definite operator expressed in terms of an arbitrary operatorΩ
Consider an operator Ω, that is not necessarily Hermitian. The operatorΩΩ † is Hermitian and positive-definite with respect to the true stateρ, i.e.,
However,ΩΩ † may not be positive-definite with respect to the PT state ρ T1 which, in general, is not a true state and may have negative eigenvalues, i.e., ΩΩ † ρ T 1 = Tr(ρ T1ΩΩ † ) may not be ≥ 0. 
The reason why the RHS of Eq. (34) may not be ≥ 0, despite the fact thatρ is a bona fide QM state, is that (ΩΩ † ) T1 may not be a positive-definite operator, i.e.,
In other words,
(ΩΩ † ) T1 may not be ≥ 0 with respect to a bona fideρ.
As a result, if we find an operatorΩ such that the PT operator (ΩΩ † ) T1 (a Hermitian operator, and thus an observable) has a negative expectation value in the stateρ, i.e., (ΩΩ † ) T1 ρ < 0, then we conclude thatρ is entangled. If the operatorΩ is not Hermitian, it does not qualify as an observable. However, two Hermitian operators,Ĥ andK, can always be constructed from
Thus, Ω ρ can be determined by measuring the expectation value of Hermitian operators as
From Theorem 1 we can also "measure" Ĥ ρ T 1 and K ρ T 1 , and hence Ω ρ T 1 , i.e.,
The variance ofΩ in the stateρ T1 , i.e.,
can also be expressed in terms of the observablesĤ andK. Should this quantity be negative, the original stateρ is entangled.
Illustration for a positive-definite operator of arbitrary dimension N
In an N -dimensional Hilbert space, consider the two-particle mixed statê
referred to, in the literature, as an "isotropic state". The pure state in the first term on the RHS is the N -dimension generalization of the state of Eqs. (18), (19) for N = 2. The second term is 1 − r times the completely incoherent stateÎ/N 2 . The matrix elements of the isotropic state in Eq. (47) and of its partially transposed state are
We shall also consider the operator
where x ml are complex coefficients.
1) The expectation value ofΩ and ofΩΩ † in the stateρ r are given by
For the particular case x ml = 1 (∀ m, l), the expectation value ofΩ, ofΩΩ † , and the variance ofΩ are given by
One can verify that Var(Ω)ρ r ≥ 0, ∀ r, N , as it should be.
2) As outlined in Appendix D, in the PT stateρ 
where ω = e 2πi/N . For the particular case x ml = 1 (∀ m, l), we find
For a given N , this expression becomes negative for r 0 < r ≤ 1, signalling entanglement of the original state. Using Eq. (59) we determined, for various N s, the values of r 0 indicated in Table 1 . These results are consistent with r 0 = 1/(N + 1), as found, e.g., in Refs. [19] and [21] . 
Summary and Conclusions
In summary, we have shown that partial transposition for pure and mixed two-particle states in a discrete N -dimensional Hilbert space is equivalent to a change in sign of a "momentum-like" variable of one of the particles in the Wigner function for the state, thereby generalizing a result obtained for continuous-variable systems [8] to the discrete-variable system case. Therefore, the geometric interpretation of the partial transpose as a mirror reflection in phase space holds also for finite-dimensional case (although our geometric intuition is much less developed for this case). We also showed that the expectation value of an observable in a partially transposed state can be determined via measurement, in spite of the fact that the latter may not be a physical state. We illustrated this with the example of an isotropic state. Hence, it is possible in principle to detect a violation of the positivity of an otherwise positive-definite operator in a partially transposed state, thereby detecting entanglement of the original state. 
A Schwinger operators for one particle
We consider an N -dimensional Hilbert space spanned by N distinct states |q , with q = 0, 1, · · · , (N − 1), which are subject to the periodic condition |q + N = |q . These states are designated as the "reference basis" of the space. We follow Schwinger [14] and introduce the unitary operatorsX andẐ, defined by their action on the states of the reference basis by the equationsẐ
The operatorsX andẐ fulfill the periodicity condition
I being the unit operator. These definitions lead to the commutation relation
The two operatorsẐ andX form a complete algebraic set, in that only a multiple of the identity commutes with both [14] . As a consequence, any operator defined in our Ndimensional Hilbert space can be written as a function ofẐ andX. We also introduce (i.e., define) the Hermitian operatorsp andq, which play the role of "momentum" and "position", through the equations [13, 15] 
Np ,
What we defined as the reference basis can thus be considered as the "position basis". With (63) and definitions (64), (65), the commutator ofq andp in the continuous limit [13, 15] is the standard one, [q,p] = i.
B Proof of Eq. (3)
The joint probability distribution of the two momenta p 1 , p 2 in the stateρ is given by
The joint probability distribution of the two momenta p 1 , p 2 for the PT operatorρ T 1 is given by
This proves Eq. (3). The above proof applies for N > 2, since, for N = 2, |p = | − p . For the case of only one particle, the above result reduces to that of Eq. (1).
C Proof of Eqs. (2) and (4)
We define the Wigner function for the density operatorρ as in Refs. [11, 12, 20] , as
wherePq i p i is the "line operator" for particle i, also defined in the above references. Explicitly, we find
(74) By definition, the Wigner function after PT 1 is then
(q
= Wρ(q 1 , q 2 , −p 1 , p 2 ).
This proves Eq. (4). For the case of only one particle, the above result reduces to that of Eq. (2).
D Proof of Eqs. (56), (57) and (58)
From the properties of one-particle Schwinger operators summarized in Appendix A one can prove the following identities:
We write the PT of the state of Eq. (47) aŝ
≡ rρ ′ + (1 − r)ρ ′′ .
For the first moment ofΩ, we then find, 
We used the identity (78) to obtain Eq. (83). Equations (82) 
Tr(ΩΩ †ρ′′ ) = m,l,m ′ ,l ′
